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Abstract 

Let S be a Noetherian scheme, ip : X ^ Y a surjective S-morphism 
of S-schemes, with X of finite type over S. We discuss what makes Y 
of finite type. 

First, we prove that if S is excellent, Y is reduced, and ip is univer- 
sally open, then Y is of finite type. We apply this to understand Fog- 
arty's theorem in "Geometric quotients are algebraic schemes, Adv. 
Math. 48 (1983), 166-171" for the special case that the group scheme 
G is flat over the Noetherian base scheme S and that the quotient map 
is universally submersive. Namely, we prove that if G is a flat 5-group 
scheme of finite type acting on X and tp is its universal strict orbit 
space, then Y is of finite type (S need not be excellent. Geometric 
fibers of G can be disconnected and non-reduced). 

Utilizing the technique used there, we also prove that Y is of finite 
type if tp is flat. The same is true if S is excellent, tp is proper, and Y 
is Noetherian. 



1. Introduction 



In pp, Fogarty proved the following theorem. 

Theorem 1.1 (Fogarty). Let S be an excellent scheme, G an S-group 
scheme of finite type with connected geometric fibers. Let X be a G-scheme 
of finite type over S . If (Y, tp) is a strict orbit space for the action of G on X , 
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then Y is of finite type over S. Moreover, if ' T is a coherent (G, Ox) -module 
(coherent G -linearlized O x -module) , then ((p*J z ) G is a coherent Oy -module. 

The main purpose of this paper is to try to understand this very important 
theorem in invariant theory. The author has not understood his proof yet. 
On the other hand, his idea is transparent, and if we assume that G is S'-fiat 
and (p is universally submersive, then one can keep track of his proof without 
much difficulty, and even remove some other assumptions. Namely, we prove 

Theorem 1.2. Let S be a Noetherian scheme, G a flat S-group scheme of 
finite type. Let X be a G-scheme of finite type over S . If (Y, cp) is a universal 
strict orbit space for the action of G on X, then Y is of finite type over S. 
Moreover, if J 7 is a coherent (G, Ox) -module, then (<£vJF) G is a coherent 
Oy -module. 

Flatness assumption is important in our proof, since we use the assump- 
tion that the image and the kernel of a G-equivariant Cx- m odule map be- 
tween (G, -modules are again (G, 0x)- m odules. Another merit in using 
flatness is the universal openness of universal orbit spaces |7J p. 6]. 

We do not require that S is excellent. We do not require that G has 
connected geometric fibers. The theorem includes the case that X = G. So 
we do not claim that X Te( ± is G-stable, or that irreducible components of X 
are G-stable. 

The proof for the most essential case, the case that Y is reduced and 
S is excellent is purely ring-theoretic, see Theorem 12.31 The proof heavily 
depends on the idea of Fogarty pQ and Onoda jH]. To remove excellence 
assumption of the base S, we utilize Onoda's result [HI (2.20)]. 

Utilizing the technique used above, we also prove some finite generation 
results which do not have direct connection to group actions. Let S be a 
Noetherian scheme, and tp : X — > Y a surjective morphism of S'-schemes, 
with X of finite type. If ip is flat, then Y is of finite type ( Corollary 12. 6|) . 
If S is excellent, (p is proper, and Y is Noetherian, then Y is of finite type 
( Theorem 14. 2j) . 

Onoda jS] proved that if S is Nagata and all normal local rings that are es- 
sentially of finite type over S are analytically irreducible (e.g., S is excellent), 

Y is Noetherian normal, and the generic point of any irreducible component 
of X is mapped to the generic point of an irreducible component of Y, then 

Y is of finite type. Fogarty j2] proved the same result independently later. 
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Our argument more or less follows theirs, but none of our new assertions here 
does not cover their theorem. 

The author is grateful to Professor Shigeru Mukai, Professor Tetsushi 
Ogoma and Professor Nobuharu Onoda for valuable advice. Special thanks 
are also due to the referee for valuable comments. 

2. Main theorem — the reduced case 

Throughout this section, let S be a Noetherian scheme, <p : X — > Y a surjec- 
tive S'-morphism of ^-schemes, with X of finite type over S. The following 
proposition is in PQ. We state and give a proof for readers' convenience. 

Proposition 2.1. Assume that S = Speci? is affine, and Y = SpecB is 
affine with B an integral domain. Then there is a finitely generated R- 
subalgebra A of B such that the induced morphism rj : Y — SpecB — > 
SpecA =: Z is birational and geometrically injective. 

Proof. Let (UA be a finite affine open covering of X. Then replacing X by 
\[ i Ui, we may assume that X = SpecC is affine. 

Let J be the kernel of the canonical map C ®r C —>■ C ®b C. Then there 
exist some bi, . . . ,b r & B such that J is generated by 

bi ® 1 - 1 ® &i, . . . , b r ® 1 - 1 ® b r . 

Set A = R[bi, . . . , b r }. Let y,y' G Y(!;) be distinct geometric points of 
Y, where £ is an algebraically closed field. Since <p is surjective of finite 
type, there exist x,x' G X(£) such that (p(x) = y and <p(x') = y'. Since 
(x,x') G (XxX)(£)\(XxyX)(£), there exists some % such that bi(x) ^bi(x f ). 
This shows that the image of y and y' in (SpecA )(£) are different. So 
Y — > SpecAo is geometrically injective. It is clear that there exist some 
ax, . . . , at G B such that A = A Q [ai, . . . , a t ] is birational to B. Then A is the 
desired subalgebra, since Y — > Spec A is still geometrically injective. □ 

The following is |U Lemma 3]. 

Lemma 2.2. Let ip : U — > Z be an affine birational morphism between 
integral schemes. If Z is Noetherian normal and ip(U) is an open subset of 
Z , then if) is an open immersion. 

We omit the proof. 

The following is based on the ideas of Fogarty pQ and Onoda [Hj. 
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Theorem 2.3. Let S be a universally catenary Nagata scheme {i.e., for any 
affine open subset U = SpecR of S, R is universally catenary and Nagata), 
and <p : X — > Y a surjective universally open S-morphism of S -schemes. If 
X is of finite type over S and Y is reduced, then Y is of finite type over S. 

Proof. Clearly, Y is quasi-compact. So the question is local on S and Y, and 
so we may assume that S = SpecR and Y = SpecB are affine. Let ([/») be a 
finite affine open covering of X. Then replacing X by JJ 4 Ui, we may assume 
that X = Spec C is also affine. 

Since X has only finitely many irreducible components and <p is surjective, 
B has only finitely many minimal primes. Since B — ► npGMin(B) B/P is 
injective and finite, it suffices to show that B/P is of finite type for P G 
Min(.B). Replacing 5 by B/P, we may assume that 5 is a domain. 

Take A > 5 as in Proposition 12. II so that rj :Y — Spec 5 — > Spec A = Z 
is geometrically injective and birational, and Z is of finite type over R. Now 
let A' be the normalization of A, and = -BL4.']. Since R is Nagata, the 
associated morphism a : Z' — Spec A' — > Spec A = Z is finite. Let Y' = 
SpecS' and I' = Ix y r. 

i' ^ y ^ z' 

I 7 1/3 I ol 

X ^ Y ^ Z 

Note that V is a closed subscheme of V Xz Z'. In particular, /3 is finite, 
since a and the closed immersion are. Similarly, rf is geometrically injective. 
Clearly, 7 is finite and ip' is universally open. 

Let x' e X'. Set ?/' = ^'(x'), z' = 7/(3/') , ^ = Ox',x>, E = O y >^, and 
D = Oz', z '- Then for any minimal prime Q of F, we have Q D E — 0, since 
ip' is open. 

Since Z' is universally catenary, there exists some n > such that 

dim E(ti, . . . , t n ) — dim D = 

trans. deg^,) R(Y')(tx, . . . ,t n ) - trans. deg K{zl) K(y')(tx, . . . ,t n ) 

by Onoda's dimension formula >&, (1.11)], where t\, . . . ,t n are variables, and 
for a local ring (O, m), 0(t\, . . . , t n ) denotes the local ring 0[ti, . . . , t n ] TO [t 1 ,.„,t„]- 
Since r/' is universally injective, «;(?/') is a purely inseparable algebraic ex- 
tension of k(z') by |3 (3.5.8)]. Thus the right hand side is zero, since 
R(Z') = R(Y'). 
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Let P be a minimal prime of m y 'F such that dimF Cg>£ K,(y f ) = dimF/P. 
Since ip' x 1 : X' x A n — > Y' x A n is an open map, we have 

htP = htP[t!,...,t n ] > dim .E(ti,...,t n ) = dim£>. 

So we have 

dimF > dimD + dim(F ® E k{u')) = dimD + dim(F ® D k{z')) 

by the geometric injectivity of rf. Hence we have dimF = dimZ} + dim(Fcg>£> 
k(z')) by [6, (15.1)]. 

For r > 0, define X'(r) to be (U^r)\(U^>r)> where K (resp. X' >r ) runs 
through all irreducible components (with reduced structures) of X' such that 
trans. deg R i Y i\ R{X' r ) = r (resp. trans. deg R , Y >) R{X' >r ) > r). Let x' € X'{r). 
By the dimension formula (14. C)], we have that 

dimO x >(r),x> = dimO X ', x ' = dimO Z ', z ' + dimO X ', x ' ®o zl>z , k(z') 

> dimO Z ',z> + dim O x >( r ),x> ®o z ,^, k(z'), 

where z' = (r}'tp')(x'). So we have 

dim X '(r),x' = dimOz>, z > + dimO X '(r),x< ®o z , <z , k{z'). 

Since all local rings of X'(r) are equidimensional by the dimension formula, 
we have that ^V'U'(r) is equidimensional for any r jU (13.3.6)]. Since Z' is 
normal, r]'(p'\ x >M is universally open for any r, by Chevalley's criterion jlj 
(14.4.4)]. Since X' = [J r>0 X'(r), we have that rj'(p' is universally open. 

Since <p' is surjective, rf(Y f ) = (rj'<p')(X') is open in Z'. Since rj' is 
affine birational and Z' is Noetherian normal, rj' is an open immersion by 
Lemma So Y' is of finite type. Since B 1 is finitely generated and B — ► B' 
is finite and injective, B is finitely generated. □ 

Remark 2.4. We can also prove the following. Let S be a Nagata scheme, 
and if : X — > Y a surjective universally open equidimensional S'-morphism 
of S'-schemes. If X is of finite type over S and Y is reduced, then Y is of 
finite type over S. Indeed, since ip is universally open and equidimensional, 
ip' is so. Since ip' is equidimensional and r/ is geometrically injective and 
birational, rj'ip' is also equidimensional, and the same argument works. 
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Corollary 2.5. Let S be an excellent scheme, G a flat S-group scheme of 
finite type, and X a G-action of finite type over S . If ip : X — > Y is a 
universal strict orbit space and Y is reduced, then Y is of finite type. 

Proof, ip is universally open and surjective, see p. 6]. So we are done. □ 

Corollary 2.6. Let S be a Noetherian scheme, and ip : X — > Y a faithfully 
flat S -morphism of S -schemes. If X is of finite type over S , then Y is of 
finite type over S. 

Proof. We may assume that S = Spec R, Y — Spec B, and X = Spec C are 
all affine. Since B is a pure subring of C and C is Noetherian, we have that 
B is also Noetherian. Since the nilradical of B is a finitely generated ideal, 
it suffices to show that _B re d is of finite type. Replacing B by B re a and C by 
C ®b -Bred, we may assume that B is reduced. So it suffices to show that 
rXpeMWB) B / P is of finite type. Replacing B by B/P, we may assume that 
B is a domain. As C is faithfully flat over the domain B, there exists some 
prime ideal Q of C such that Q n B = 0. By 8, (2.11) and (2.20)], we may 
assume that R is local. By jU (2.7.1)], we may assume that R is a complete 
local ring. Replacing B again if necessary, we may still assume that B is a 
domain. Since R is excellent and B is a domain, B is of finite type by the 
theorem. □ 

3. The general case 

In this section, we prove Theorem 11.21 First we prove the following 

Lemma 3.1. Let S be a Noetherian scheme, and G a flat S-group scheme of 
finite type. Let X be a G-scheme of finite type over S. Assume that for any 
closed G-subscheme X\ of X and its universal strict orbit space ip : X\ — > Y\, 
we have that Y\ is of finite type, provided Y\ is reduced (e.g., S is excellent, 
see Corollary 12. 5|) . If (Y, (p) is a universal strict orbit space for the action 
of G on X, then Y is of finite type over S. Moreover, if J 7 is a coherent 
(G, Ox) -module, then (ip^J 7 ) is a Noetherian Oy-module. 

Proof. We may assume that S = Spec R and Y = Spec B are affine. 

First, we prove the last assertion using the Noetherian induction on the 
coherent ideal sheaf ann T := Ker(Ox — ► Hom ^ (J 7 , J 7 ) ) . We may assume 
that T 7^ 0. We also use the induction on v(T) := J2v ^ en S^o X v w here 
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V runs through the irreducible components of suppjF = Vj ann J 7 ), and v is 
the generic point of V. 

Let Q be the maximal coherent (G, Cx)-submodule of T such that (y?*<?) G 
is a Noetherian CV-module. As ((p*7) G is left exact, we may assume that 
Q = 0, replacing T by TjQ. In particular, any nonzero coherent (G, Ox)- 
subsheaf of T has the same annihilator as that of T . 

If ((p Jf J-') G = 0, then there is nothing to be proved. So we consider 
the case that H°{X,T) G = (^F) G £ 0. Take a G H°(X,F) G \ {0} = 
Homc i o x (0jf, J 7 ) \ {0}. Then aOx is a nonzero coherent (G, Ox)-subsheaf 
of T. ' So v{aO x ) + 0. If z/(jF) > v{aO x ), then £ D aO x ^ by in- 
duction assumption, and this is a contradiction. So v{T} = v[aOx)- So 
v{T jaOx) = 0, which shows that supp(JF/aCx) $ suppjF. By induction 
assumption, (p*(J- '/ 'aOx) G is Noetherian. So ip*(aOx) G is not Noetherian, 
since we assume that T ^ = Q. Let J be the kernel of a : Ox — > JF, and 
Z be the G-stable closed subscheme of X defined by the coherent G-ideal J 
of Ox- We may assume that T = Oz, from the beginning. If H°(X, Oz) is 
not reduced, then there exists some b G H°(X, Oz) G \ {0} such that b 2 = 0. 
Then ^ bOz C Oz, and the annihilator of bOz is strictly larger than that of 
Oz- By induction assumption, this is a contradiction. So B\ = H°(X, Oz) G 
must be a reduced ring. 

Set Y\ := Speci?!, 5 to be the image of the canonical map B — > B\, 
and Y Q = Spec_B the scheme theoretic image of Y\ — > Y. Let <fi : Z — > Y\ 
and rj' : Y\ — > Yq be the canonical maps. Note that Y Q = ip(Z) = lm(r]'tpi) 
set-theoretically, since Z is G-stable closed, and <p is an orbit space. We have 
(/? _1 (lo) = Z set theoretically, so the inclusion Z (/9 _1 (lo) is a universal 
homeomorphism. Hence r)'(p\ is surjective and universally open. It follows 
that (Y ,T]'(pi) is a universal strict orbit space. Since Y is reduced, Y Q is of 
finite type by assumption. 

By P~J Proposition 1], (Yi,ipi) is a universal geometric quotient, and rj' is 
a universal homeomorphism. In particular, Y\ is of finite type by assump- 
tion. So 7]' : Yi — > Yo is a universal homeomorphism of finite type between 
Noetherian schemes. So 77' is finite. Hence B\ is a 5 -finite module. Since 
B is of finite type over R, Bi is a Noetherian S -module. Hence (y?*0z) G 
is a Noetherian CV-module, as desired. 

Next, we prove that Y = Spec B is of finite type. We use Noetherian 
induction, and we may assume that for a G-stable closed subscheme X\ C X 
and its universal strict orbit space (fx '■ X\ — > Y\, Y\ is of finite type. If Y 
is reduced, then there is nothing to be proved. So assume that there exists 
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some b G B\ {0} such that b 2 = 0. 

By assumption, B C B := H°(X, Ox) G , and B is a Noetherian P-module 
by what we have already proved. Since B is a P-submodule of B, we have 
that B is a Noetherian ring. So we only need to prove that -B re d is of finite 
type. 

Set X\ to be the G-stable closed subscheme of X defined by bOx, and 
let Y\ be the scheme theoretic image of X\ •— > X — > Y. Then X\ — > Y\ 
is a universal strict orbit space, and hence Y\ is of finite type by induction 
assumption. Hence Y^ed = (Vi) re d is also of finite type, as desired. □ 

Proof of Theorem \l. 6 A We only need to check the assumption of Lemma \'S. II 
So we may assume that Y is reduced, and it suffices to prove that Y is of 
finite type. We may assume that S = Spec R and Y = Spec B are affine. 

Note that for any Noetherian flat i?-algebra R', the base change <p' : X' — > 
Y' is again a universal strict orbit space. By Onoda's theorem [SJ (2.11) and 
(2.20)], we may assume that R is local. Since R is excellent, R ®/? Y is of 
finite type again by Lemma ETT1 By the descent argument jH (2.7.1)], Y is 
of finite type. □ 

4. Proper morphisms 

Let R be a Noetherian ring, and <p : X —>■ Y a surjective i?-morphism of 
i?-schemes with X of finite type. 

Lemma 4.1. Let R be universally catenary, (p : X — > F proper, and Y 
Noetherian. Then Y is universally catenary (i.e., all local rings of Y are 
universally catenary). 

Proof. Replacing Y by an integral scheme of finite type over Y, it suffices to 
show that under the assumption of the lemma, if Y = Spec B is affine and 
integral, Q,P G Spec B with Q C P, ht(P/Q) = 1, then htP = lit Q + 1. 
Replacing X by an irreducible component with the reduced structure that is 
surjectively mapped onto Y, we may assume that X is integral. 

By Proposition 12.11 there exists some finitely generated i?-subalgebra 
A C B such that rj : Y = SpecB — > Spec A is birational and geometrically 
injective. Since p is surjective, the dimension formula holds by [HI (1.11)], 
and we have ht P = ht(P n A) and HQ = ht(Q n A). 

As <£> is a closed morphism, there is a sequence x ,xp,xq of points of X 
such that Xq is a closed point of the generic fiber, xq is a specialization of Xq 



8 



and J{xq) = Q, and xp is a specialization of xq and f(xp) = P. Then by 
the dimension formula, we have 

lit P + trans. deg^y) R(X) — trans. deg K( - P ) n(xp) 
ht Q + trans. deg^^y) R(X) — trans. deg^Q-j k(xq) 
ht(P/Q) + trans.deg K (Q) k(xq) — trans. deg K ( P ) k(xp). 

Since Ox, Xp is catenary, we have that 

dimO x ,x P = dimO x ,x Q + dimC^ jXp . 

Hence ht P = ht Q + ht(P/Q) = ht Q + 1, as desired. □ 

Theorem 4.2. Let R be an excellent ring, and f : X — > F a surjective 
proper morphism of R-schemes. If X is of finite type over R and Y is a 
Noetherian scheme, then Y is of finite type over R. 

Proof. We may assume that Y = SpecB is affine and integral. We may 
assume that X is integral. As in the proof of Lemma 14. 1[ we take a finitely 
generated i?-subalgebra A of B such that Spec B — > Spec A is geometrically 
injective. The dimension formula holds between A and B, and B is univer- 
sally catenary. By [HI (4.9)], B is of finite type. □ 



dim O x , XP = 
dim O x>XQ = 
dim OxQ tXp = 
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